Abstract A modularized code based on the Finite Element QZ (FEQZ) method is developed, for a better estimate of the critical speed and a more convenient method of rotor-dynamic stability analysis for a gas bearing high speed turboexpander rotor system with actual structure and application of a cryogenic turboexpander. This code is then validated by the experimental data of a gas bearing turboexpander, with a rotor diameter of 25 mm and a rated speed of 106,400 rpm. With this code, four rotors with different structures, available to the turboexpander, are parametrically analyzed by the available speed range, vibration modes and logarithmic attenuation rate. The results suggest that the rotor with a structure of two thrust collars on the system exhibits a better performance in the designed conditions.
Introduction
To cool down the superconductor to below its critical temperature, liquid helium produced by a helium liquefaction system is needed. Usually high speed gas bearing turboexpanders are necessary for those systems [1, 2] . Now, the expansion impeller of a helium turboexpander is much smaller in size and a higher rotation speed is required. A good stability is crucial for high speed turboexpander rotors which are designed for long-term, efficient and stable operation.
Study has been focused on the rotor dynamic performance of the gas bearing supported rotor system [3∼7] . The simplified representation of anisotropic supporting of a turboexpander rotor system is shown in Fig. 1 (a) [8] . Generally, a bearing house is fastened on the turboexpander body which is usually fixed on a rigid foundation. It is not necessary to take into account the influence of the supporting foundation, shown in Fig. 1(b) . For an anisotropic elastic support, e.g. k xx = k yy , k xy = k yx = 0, the main idea of the Prohl recurrence method and Riccati transfer matrix method is to find out the solution of the frequency equation in the whole complex number field, which contains a complex variable σ + jω, then the values of the critical frequency ω can be found out through the combination of σ + jω and ω = Ω [9] . HASHISH et al.
[10∼12] developed a Finite Element method for critical speed prediction and stability analysis and their main idea can be concluded as a solution of the classic generalized eigenvalue problem [A]{X} = λ [B] {X}. MOLER, STEWART [13] and WARD [14] developed the QZ algorithm as an improvement of the QR [15, 16] [10∼12] as well as MOLER et al. [13, 14] , and taking into account the actual working conditions of the gas bearing turboexpander, this paper presents the Finite Element QZ (FEQZ) method for a better and more convenient way of critical speed prediction and rotor-dynamic stability analysis.
FEQZ method
A typical gas bearing turboexpander rotor system can be considered as a combination of rigid disks, elastic shaft sections and supporting elements. For a gas bearing turboexpander rotor system with (N -1) discrete elements, without considering the mass of the bearing house (see Fig. 1 (b) ), the displacement vectors of system are
And a nomenclature is adopted in this paper, as follows * partially supported by the Open : The rotor equation of motion is
are mass, rotating and stiffness matrices which can be determined by the method introduced in Appendix A. {Q 1 } and {Q 2 } are generalized force matrices which are constituted by three parts. The first is the generalized force {Q 1d } and {Q 2d } caused by the eccentricity of the rigid disk; the second is the generalized forces {Q 1e } and {Q 2e } caused by the eccentricity of the elastic section; and the third is the generalized forces {Q 1b }, {Q 2b } caused by the gas film. The following equation is the expression of {Q 1b }, {Q 2b } in the case without considering the supporting foundation.
Here, c xx c xy c yx c yy and k xx k xy k yx k yy are damping coefficient and stiffness coefficient matrices of the gas film supporting element, respectively. Combining Eq. (2) and Eq. (3), one deduces  (4) is the equation of motion for the gas bearing turboexpander rotor system and can be written as
where
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The whirl speed can be determined from the solution of the free vibration equation
Let
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where λ is a complex eigenvalue
Here, positive ω is the whirl frequency, σ is the attenuation coefficient. Combining Eqs. (9), (12) and (13), the corresponding complex eigenvector is 
According to Eq. (17) Eq. (18), Eq. (21) and Eq. (22)
The semi-major axis and semi-minor axis of the central-line orbit are
Eq. (27) is a criterion of forward precession (F) and backward precession (B), with positive b for forward precession and negative b for backward precession. For gas bearing the internal damping forces show an effect on the reduction of the amplitudes of the backward precession [18] . The complex rotor amplitudes along the x direction and y direction are
The real part of λ is the attenuation coefficient σ. When σ < 0 the motion of a rotor system could eventually become steady from a disturbance and σ > 0 may lead to an unstable state. In order to simplify the comparison, a dimensionless logarithmic attenuation rate under the rotating speed Ω is defined as
3 Program and verification Fig. 2 T . The critical frequency
Program

The suitable code from Matlab for the QZ algorithm is [G, V]=eig(A, B, 'qz'). [V ] is eigenvalue, [G] is eigenvectors. A flow chart of the program is shown in
Here, 2N are generated from the conic fitting of matrices {w 1 } to {w 2N }. When ω i corresponding to [w i ] is found, then [x i ] can be determined by series number i, and the forward and backward precessions, the complex amplitude and logarithmic attenuation rate under a certain rotation frequency can also be determined.
Verification
In order to verify the program, the gas bearing high speed turboexpander, widely used in Chinese industry for example (see Fig. 3 ), was employed. This turboexpander rotor is supported by journal hydrostatic bearings with a tangential throttling orifice gas supply. The reaction wheel and barking fan of this turboexpander adopts the rotor system with a thrust collar toward each end of the shaft, with its main parameters listed in Table 1 .
The discretization parameters of the rotor are listed in Table 2 . The dimensionless stiffness coefficient and dimensionless damping coefficient are defined as
where C r is the bearing radial clearance; W is the bearing static load. The mass of working wheel is 7.89×10 −3 kg, the polar moment of inertia of the working wheel is 5.91×10 −7 kg · m 2 , the axial moment of inertia is 3.82×10 −7 kg · m 2 ; the mass of the barking fan is 2.36×10 −2 kg, the polar moment of inertia of the barking wheel is 4.25×10 −6 kg · m 2 , the axial moment of inertia is 2.11×10 −6 kg · m 2 . The dimensionless stiffness coefficient and damping coefficient arek xx = 9.758, k xy =1.058,k yx = −1.043,k yy = 9.731 andc xx = 1.055, c xy = −1.300,c yx = 1.312,c yy = 1.046 [19] , separately. For most rotors, the forward precession is the most representative one. The values of critical speeds for forward precession from Ref. [19] and from this study are listed in Table 3 . The experimental results show that there is a maximum amplitude between 41,000 rpm to 42,000 rpm under the conditions of that C r =57 µm and W = 77.12 N, the axial clearance is 200 µm and the gas supply pressure of the bearing is 0.7 MPa (Seen from Fig. 4) . 
Applications
In addition to the gas bearing, rotor styles and structural parameters are important factors that affect the critical speed and stability of the rotor bearing system. A better rotor can be determined through the analysis of its working speed range, complex vibration mode and logarithmic attenuation rate. Four differently structured rotors which can fit the same turboexpander are shown in Fig. 5 . 
Critical speed
The first and second forward (F)-and backward (B)-precession damped critical speeds for four different rotors obtained from the developed program are listed in Table 4 . It can be concluded from Table 4 that the forward precession damped critical speed is lower than that without the consideration of damping; damping affects the first critical speed more than the second critical speed. On the contrary, the backward precession damped critical speed is higher than the critical speed without the consideration of damping. But for both forward and backward precession, damping has a greater impact on the first damped critical speed compared to the second one. For a practical use, forward precession should be considered. The four rotors all possess a full working speed range. Among the four, rotor 1 posseses the widest working range and rotor 2 has the narrowest working range. 
Vibration mode
Complex vibration mode is a pretty good qualitative description of the vibration shape of the rotor bearing system. The first two vibration modes at the rated speed are shown in Fig. 6 . For the first vibration mode, the amplitudes of rotors 2 and 4 exhibit the largest values on both sides of the curves and there is no big difference between rotor 1 and rotor 3. For the second vibration mode, rotor 2 exhibits the largest amplitude at the supporting node. In short, rotor 1 and rotor 3 exhibit better vibration modes than rotor 2 and rotor 4. In Fig. 6 it is shown that the complex vibration amplitude of each rotor exhibits nearly overlapping |X| and |Y | curves. In other words, the vibration orbits of the rotors are ellipses and quite close to a circular orbit. This can be explained by the approximate values of the supporting damping and stiffness coefficients along the x and y directions. 
Vibration attenuation rate
A larger δ means a more stable rotor system. δ of each rotor in the speed range of 100 rpm to 200,000 rpm is shown in Fig. 7 . Rotor 3 possesses a largest first order δ while rotor 2 the largest second order dimensionless logarithmic attenuation rate. Furthermore, rotor 3 possesses a larger δ than rotor 1 does.
Conclusions
With the designed program based on the FEQZ method, a convenient approach for the stability evaluation of a gas bearing high speed turboexpander is described. The shaft central-line orbit equations are presented. Moreover, the program is validated by experimental data. Four rotors with different structures are also analyzed and the safe rotating speed range, Fig.7 First two dimensionless logarithm scale attenuation rates for four rotors under rated speed vibration mode and logarithmic attenuation rate are compared. It is found in this study that rotor 3 is the best one, with a double thrust collar structure on the system.
